Bound states in the continuum (BICs) are unusual solutions of wave equations describing light or matter: they are discrete and spatially bounded, but exist at the same energy as a continuum of states which propagate to infinity. Until recently, BICs were constructed through fine-tuning parameters in the wave equation [1] [2] [3] [4] [5] or exploiting the separability of the wave equation due to symmetry 6-8 . More recently, BICs that that are both robust and not symmetryprotected ("accidental") have been predicted 9-13 and experimentally realized 13 in periodic structures; the simplest such system is a periodic dielectric slab 13 , which also has symmetry-protected BICs. Here we show that both types of BICs in such systems are vortex centers in the polarization direction of far-field radiation. The robustness of these BICs is due to the existence of conserved and quantized topological charges, defined by the number of times the polarization vectors wind around the vortex centers. Such charges can only be generated or annihilated by making large changes in the system parameters, and then only according to strict rules, which we derive and test numerically. Our results imply that laser emission based on such states will generate vector beams 14 .
Bound states in the continuum (BICs) are unusual solutions of wave equations describing light or matter: they are discrete and spatially bounded, but exist at the same energy as a continuum of states which propagate to infinity. Until recently, BICs were constructed through fine-tuning parameters in the wave equation [1] [2] [3] [4] [5] or exploiting the separability of the wave equation due to symmetry [6] [7] [8] . More recently, BICs that that are both robust and not symmetryprotected ("accidental") have been predicted [9] [10] [11] [12] [13] and experimentally realized 13 in periodic structures; the simplest such system is a periodic dielectric slab 13 , which also has symmetry-protected BICs. Here we show that both types of BICs in such systems are vortex centers in the polarization direction of far-field radiation. The robustness of these BICs is due to the existence of conserved and quantized topological charges, defined by the number of times the polarization vectors wind around the vortex centers. Such charges can only be generated or annihilated by making large changes in the system parameters, and then only according to strict rules, which we derive and test numerically. Our results imply that laser emission based on such states will generate vector beams 14 .
These BICs exist in photonics crystal slabs, which are dielectric slabs with a periodic modulation of refractive index at the wavelength scale 15 surrounded by air or a low-index medium. Photonic crystal slabs are used in many applications including surface-emitting lasers 16 , photovoltaics 17 , LEDs 18 , and biosensing 19, 20 . The periodic modulation alters the dispersion relation of light in the slabs and gives rise to photonic bands, analogous to electronic band structures in solids. In general light can escape from the surface of the slab and propagate to the far-field, but a portion of the photonic band states (those "below the light line") are perfectly confined to the slab by the generalized form of total internal reflection 15 .
In contrast, modes above the light line appear generically as resonances with finite lifetimes due to their coupling to the continuum of extended modes 21 . It has been known for some time that bound states with infinite lifetimes also exist above the light line at isolated highsymmetry wavevectors. This type of BIC arises from the symmetry mismatch between their mode profiles inside the photonic crystal and those of the external propagating modes (radiation continuum) 8, [21] [22] [23] . Recently, a new type of BIC, unprotected by symmetry, has been found (both theoretically and experimentally) to exist at arbitrary wavevectors in bands above the light line in photonic crystal slabs 13 . These BICs occur "accidentally", when the relevant couplings to the continuum (see below) all vanish simultaneously. However their existence does not require fine-tuning of system parameters; small changes in parameters simply shift the position of these special points along the band diagram. An intuitive understanding of why such BICs exist and are robust was previously lacking. Recently, an explanation based on accidental triangular symmetry of the radiating fields was proposed 24 but does not explain the robustness of these BICs and their occurrences in TE-like bands.
We now show that both types of BICs in photonic crystal slabs are vortex centers in the polarization direction of the far-field radiation of the slabs. Using the Bloch theorem for photonic crystals 15 , we write the electric field of a resonance as
where k = k xx + k yŷ is the two-dimensional wave vector, ρ = xx + yŷ is the in-plane coordinate, u k is a periodic function in ρ, and z is the normal direction to the slab. While the fields inside the slab are periodically modulated, outside the slab each state consists of propagating plane waves and/or evanescent waves that decay exponentially away from the surface. For states above the light line (resonances), and wavelengths below the diffraction limit, the only non-zero propagating-wave amplitudes are the zero-order (constant in-plane)
Fourier coefficients of u k , given by c(k) = c x (k)x + c y (k)ŷ (Fig. 1a) . Here, c x (k) =x · u k , c y (k) =ŷ · u k , and the brackets denote spatial average over one unit cell on any horizontal plane outside the slab. Note that c(k) is the projection of u k onto the xy plane; it points in the polarization direction of the resonance in the far field, so we refer to c(k) as the "polarization vector".
A resonance turns into a BIC when the outgoing power is zero, which happens if and only if c x = c y = 0. In general, c x and c y are both complex functions of k, and varying the wave vector components (k x , k y ) is not sufficient to guarantee a solution where c x = c y = 0.
However, when the system is invariant under the operation C z 2 T , implying that (x, y, z) = * (−x, −y, z), we show that c x and c y can be chosen to be real numbers simultaneously; in other words, the far field is linearly polarized (see Supplementary Information, here C z 2 is 180
• rotation operator around z axis, and T is the time reversal operator). When the system also has up-down mirror symmetry (σ z ), the outgoing waves on one side of the slab determine those on the other; for such systems, BICs are stable because they correspond to the intersections between the nodal line of c x and the nodal line of c y in the k x -k y plane. Vortices are characterized by their topological charges. Here, the topological charge (q)
carried by a BIC is defined as:
which describes how many times the polarization vector winds around the BIC. Here,
is the angle of the polarization vector, and C is a closed simple path in k space that goes around the BIC in the counterclockwise direction.The fields u k are chosen to be smooth functions of k, so φ(k) is differentiable in k along the path. The polarization vector has to come back to itself after the closed loop, so the overall angle change must be an integer multiple of 2π, and q must be an integer. Fig. 1c shows examples of how the polarization vector winds around a BIC with charge q = +1 and also around a BIC with charge q = −1 along a loop C marked by 1→2→3→4→1. The far-field pattern at a definite k point by itself does not reflect the vorticity of polarization around a BIC, but laser emission centered on such a BIC will. Laser emission always has a finite width in k-space and this wave-packet will be centered on the BIC; hence it will consist of a superposition of plane waves from the neighborhood of the BIC, leading naturally to a spatial twist in the polarization for the outgoing beam. Such beams have been studied previously, and are known as vector beams 14 , although their connection with BICs does not appear to have been realized. The number of twists in the polarization direction is known as the order number of the vector beam, and we now see that it is given by the topological charge carried by the BIC. Note that these vector beams are different from optical vortices, which usually have a fixed polarization direction.
In the example of Fig. 2 , we show the topological charges of BICs for a structure that has been experimentally realized in ref. 13 . In this example, there are five BICs on the lowestfrequency TM-like band (Fig. 2a) . We obtain polarization vectors c(k) from finite-difference time-domain (FDTD) calculations, which reveal five vortices with topological charges of ±1 at these five k points (Fig. 2b ). As discussed above, the BICs and their topological charges can also be identified from the nodal-line crossings and the gray-scale colors of c x and c y (Fig. 2c ).
The winding number of polarization vector along a closed path is given by the sum of the topological charges carried by all BICs enclosed within this path 25 . When system parameters vary continuously, the winding number defined on this path remains invariant, The conservation of topological charges allows us to predict and understand the behaviors of BICs when the parameters of the system are varied over a wide range, as we now illustrate.
First, consider the lowest-frequency TM-like mode (TM 1 band) of a 1D-periodic structure in air shown in Fig. 3a . This grating consists of a periodic array of dielectric bars with periodicity of a, width w = 0.45a, and refractive index n = 1.45. Its calculated band structure is shown in Fig. 3b . When the thickness of the grating is h = 1.50a, there are two BICs on the k x axis, as indicated by the radiative quality factor of the resonances (Fig. 3c) . The polarization vector c(k), also shown in Fig. 3c , characterizes both BICs as carrying charges q = +1. When the grating thickness is decreased to h/a = 1.43 (all other parameters fixed), the two BICs move towards the center of the Brillouin zone, meet at the Γ point, and deflect onto the k y axis (Fig. 3d) . This is inevitable due to the conservation of the topological charges: annihilation cannot happen between two BICs of the same charge. Annihilation of BICs is only possible when charges of opposite signs are present. This can be seen in the lowest-frequency TE-like band of the same structure (Fig. 3e,f) . When h/a = 1.04, there are two off-Γ BICs with charge −1 and a BIC with charge +1 at the Γ point (Fig. 3e) . As h/a decreases, the two −1 charges move to the center and eventually annihilate with the +1 charge, leaving only one BIC with charge q = −1 (Fig. 3f) .
Generation of BICs is also restricted by charge conservation, and can be understood as the reverse process of annihilation. We provide an example by considering the lowest-frequency TE-like mode in a photonic crystal slab of n = 3.6 with a square lattice of cylindrical air holes of diameter d = 0.5a (Fig. 4a) . As the slab thickness increases, BICs are generated at the Γ Table S1 (Supplementary information). This is consistent with all examples in this paper. This table can be used to predict the charges in other systems of interest and to design high order vector beams.
Conclusions
We have demonstrated that BICs in photonic crystal slabs are associated with vortices in the polarization field and explained their robustness in terms of conserved topological charges. We derive the symmetries that constrain these charges and explain their generation, evolution and annihilation. We conjecture that all robust BICs 30, 31 , which are important for particle accelerations, optical trapping and stimulated emission depletion microscopy.
Here θ k is an arbitrary phase factor. Meanwhile, we are free to multiply u k with any phase factor, and it remains a valid eigenfunction. For our purpose here, we explicitly choose the phase factor of u k such that e iθ k = −1 for all k. With this choice, we can average over x and y to get c(k) = c * (k) for all k. That is, the polarization vector c(k) is purely real.
Using the fact that systems in region I also have the up-down mirror symmetry σ z , namely (x, y, z) = (x, y, −z), we can link the radiation loss above and below the photonic crystal slab denoted by c ↑ and c ↓ . At any k point, u k (r) and σ z u k (σ z r) are both eigenfunctions of Θ k (r) with the same eigenvalue, so
with θ k being an arbitrary phase factor (not to be confused with the one in Eq. (S.1)). Since After using these two symmetries, the number of independent real variables in all radiation coefficients c ↑,↓
x,y has been reduced from 8 to 2. Given that the number of independent tuning parameters is also 2: (k x , k y ), we are able to get stable BICs. Note that the combination of C z 2 T and σ z is just one sufficient condition for stable BICs in photonic crystal slabs. There might be other different choices of symmetries. For example, P T and σ z is equivalent to C z 2 T and σ z , where P is the inversion operator. Also, the requirement of σ z is not necessary when there is leakage to one direction only (such as BICs on the surface of a photonic bandgap structure 12 ).
In region II , stable BICs at C 
with θ k being an arbitrary phase factor (not to be confused with the two phase factors above).
At these high-symmetry k points, using Bloch theorem we know: u −k = u k+G = u k , so we can apply Eq. (S.3) twice to get e iθ k = ±1. When this factor is +1, we can average over x and y to see that c(k) = 0, corresponding to a BIC at this C z 2 -invariant k point. In region III , both kinds of BICs can be found, where C z 2 , T and σ z are all present. All our numerical examples are within this region to make it easier to understand the relation and interaction between different types of BICs.
B. Consequences of topological charge conservation
Since topological charge is a conserved quantity, there are a few consequences and restriction on the evolution of BICs. First, BICs are stable as long as the system retains required symmetries; however, perturbations that break these two required symmetries eliminate the existence of BICs. When C z 2 T symmetry is broken, the coefficients (c x and c y ) require complex components, meaning the radiation becomes elliptically polarized instead of linearly polarized. When σ z symmetry is broken, the coefficients c ↑,↓ x,y are still real numbers, but radiation towards the top and towards the bottom become separate degrees of freedom and so they do not vanish simultaneously in general. Second, when BICs collide into each other in the moment space, the sum of all topological charges they carry remains the same before and after the collision.
C. Example of charge -2
We consider the lowest-frequency TE-like mode of a photonic crystal slab with a hexagonal lattice of cylindrical air holes (shown in Fig. S2a) . The refractive index of the slab is n = 1.5; the air-hole diameter is 0.5a; and the thickness of the slab is 0.5a, where a is the lattice constant. This system has C Here, we prove that when the structure has a certain in-plane point group symmetry R (namely, (r) = (Rr); R can be a combination of rotation and reflection on the x-y plane) and when the band has no degeneracy, a BIC at k indicates there is another BIC at Rk with the same topological charge. The assumption here is that the eigenfunctions u k at different k points already have their phases chosen to ensure the reality of c(k), and the signs of u k at different k points have been chosen such that u k is continuous with respect to k (so that a small change in k leads to a small change in u k ).
We start by relating the eigenfunction at k and the eigenfunction at Rk. Let u k be an eigenfunction of operator Θ k . Since the system is invariant under transformation R, we knowÔ R u k is an eigenfunction of Θ Rk , so in the absence of degeneracy, we can writê O R u k = α k u Rk , where α k is some number. The number α k must have unit magnitude (due to the normalization of u k and u Rk ) and must be real-valued (because c(k) is real-valued), so it can only take on discrete values of ±1. Also, α k must be a continuous function of k since u k is continuous with respect to k. Since α k is both discrete-valued and continuous, it must be a constant. Then, we may denote this constant with its value at the Γ point, as α k = α Γ . Note that RΓ = Γ, so we can determine coefficient α Γ using the mode profile:
Now we consider how the angle φ(Rk) is related to φ(k). The vector field u k transforms under the rotation operator as (Ô R u k )(r) = Ru k (R −1 r), so averaging over x and y we get Ô R u k = R u k . Let P be the operator that projects a 3D vector onto the x-y plane, namely P r = r − (r ·ẑ)ẑ; it commutes with R, since it does not alter the x or y component.
Then c(k) = P u k , and
So, the polarization vector at the the transformed k point is simply the original polarization vector transformed and times ±1. So, the angle of the polarization vector only changes by a constant in the case of proper rotations (where det R = 1); in the case of improper rotations (where det R = −1), it also changes sign. So, in general, we can write
with c being a constant depending on R and α Γ . It follows that
so the topological charge at Rk is
where C Rk is a closed simple path that is centered on Rk and loops in counterclockwise direction, R −1 C Rk is this loop transformed by R −1 (which centers on k in counterclockwise direction if R is a proper rotation, or in clockwise direction if R is improper), and C k is this transformed loop traversed in counterclockwise direction.
In conclusion, we have proven that if a system has certain point group symmetry R, then the topological charges carried by the BIC at k and at Rk on a singly degenerate band have to be the same. This conclusion agrees with all examples in Figs. 2-4 .
E. Allowed charges at Γ in systems with different symmetries
Allowed topological charges at high symmetry k points can be determined by the field eigenvalues of the rotational symmetry of a system. For systems with m-fold rotational symmetry, we can first determine the relationship between polarization direction at wavevector k and at rotated wavevector Rk (φ(k) and φ(Rk)) using Eq. (S.4). Since the wavevector gets back to its original point if applying this rotation m-times: R m k = k, we can then apply this relationship m times and get how many times the polarization vector rotates around the center of the Brillouin zone. From there, we categoraize all possible charges allowed at Γ as shown in Table S1 . Allowed charges depend on two factors. The first one is which symmetry representation the band belongs to. The second one is the degeneracy of nodal lines at Γ, because more nodal lines intersecting at the same point usually leads to more oscillations in color and thus higher topological charges. This factor is reflected by the integer number n, depending on the number of equivalent Γ points at this frequency 30 . Note that only singly degenerate bands are considered in this Letter, having no crossing with other bands in the bandstructures, as can be seen in Table S1 . Further research directions may include BICs on degenerate bands, as well as the search of BICs with higher-order and potentially fractional topological charges.
Symmetries Representation Charges Allowed n Allowed charges where C z 2 is a symmetry of the system, robust BICs can be found at high-symmetry wavevector points. Here, high-symmetry wavevectors mean C z 2 -invariant ones, while arbitrary wavectors are not necessarily C z 2 -invariant. In the overlapping area (region III), both types BICs can be found.
All numerical examples in this Letter are within region III. 
